This paper investigates the randomness and cryptographic properties of the Narayana series modulo p, where p is a prime number. It is shown that the period of the Narayana series modulo p is either p 2 +p+1 (or a divisor) or p 2 -1 (or a divisor). It is shown that the sequence has very good autocorrelation and crosscorrelation properties which can be used in cryptographic and key generation applications.
Introduction
There has been considerable recent interest in the Narayana sequences (e.g. [1] - [5] ). Since they are closely related to Fibonacci sequences [6] - [10] , one would expect many applications in data coding and cryptography, especially multiparty computation [11] - [16] . The properties of Fibonacci sequences modulo a prime have also been investigated [17] - [19] . Fibonacci sequences are also important in entropy problems of physics [20] - [25] . It is worthwhile then to determine if the use of the Narayana sequences can replace that of Fibonacci sequences in certain settings.
Narayana, who lived in the 14 th century, proposed the following problem [1] : "A cow gives birth to a calf every year. When the calf is three years old, each calf gives birth to a calf at the beginning of each year. What is the number of progeny produced during twenty years by one cow". The sequence resulting from this problem is 1,1,1,2,3,4,6,9,13,19, ... and so on. Each number in the sequence is calculated by the summation of previous number and number three places before that in the sequence:
In this paper, the period of Narayana series modulo p, where p is a prime number, is investigated and found to be either p 2 +p+1 (or a divisor) or p 2 -1 (or a divisor). Some other characteristics of the Narayana sequence are presented. The investigation of the autocorrelation and crosscorrelation properties of the sequence reveals that they are good candidates for cryptographic and key generation applications.
Narayana Series
Narayana, an outstanding Indian mathematician of the 14 th century, who was interested in summation of arithmetic series and magic squares, proved a more general summation in the middle of 14 th century [3] .
Narayana applied the above equation to the problem of herd of cows and calves which is famous as Narayana's problem. Thus, using the above equation, he obtained [3] :
Narayana's problem can also be solved in the similar method that Fibonacci solved his rabbit problem. In the beginning of first year, there were two heads since one cow produced one calf. In the beginning of second and third year, the number of heads increased by one and therefore, the number of heads are 3 and 4 respectively. From the fourth year, the number of heads is defined as follows:
since the number of cows for any year is summation of number of cows of previous year and number of calves which was born (= number of heads that were three years ago). We have the sequence 2,3,4,6,9, . . . , +1 = + −2 .
Thus, we obtain 20 = 2745 by computation. Now, we can consider the sequence 1,1,1,2,3,4,6,9, . . . , +1 = + −2 ,
with n ≥ 2, u0= 0, u1 = 1, u2 = 1. These numbers are also called the Fibonacci Narayana numbers [3] .
Periods of Narayana Series modulo p
Consider Narayana sequence modulo 3, the sequence is obtained as follows: 1,1,1,2,0,1,0,0,1,1,1,2,… and so on. Here, if three consecutive zeroes appear during sequence generation, the next number will be a zero. Since each of the three preceding digits can take values from 0 to p-1, the maximum period can only be p 3 -1. Given a maximum length Narayana sequence, the digit-wise multiplication by 1 through p-1 would leave the sequence unchanged. Therefore, we obtain the result that the maximum period is (p 3 -1)/(p-1)= p 2 +p+1. When we consider only the preceding two digits, a similar argument would establish that the period can be p 2 -1. Thus we have our central result:
Theorem:
Given Narayana sequence modulo p, where p is a prime number, the periods of the sequence will either be p 2 +p+1 (or the divisor) or p 2 -1 (or the divisor).
The table below provides the list of periods for first 50 prime numbers. Periods with multiples of p 2 +p+1 (or the divisor) are assigned binary value -1 and periods with multiples of p 2 -1 (or the divisor) are assigned binary value +1 and the resulting sequence is binary sequence B(n). Also, primes with even periods are assigned binary value 1 and primes with odd periods are assigned binary value 0 and the resulting sequence is binary sequence C(n). +p+1, the period of the Narayana sequence modulo p will either be p 2 +p+1 (or the divisor) or (p-1)(p+1) (or the divisor).
Autocorrelation properties
Autocorrelation is a measure of similarity between a sequence and time shifted replica of the sequence. Ideally, the autocorrelation function (ACF) should be impulsive i.e. peak value at zero time shift and zero values at all other time-shifts (i.e. side-lobes).
The first 20 bits of resulting binary sequence B(n) obtained from periods of the Narayana series modulo prime based on p 2 +p+1 (or the divisor) or p 2 -1 (or the divisor) are 1,-1,-1,1,1,1,-1,1,1,1,1,-1,1,1,1,-1,1,1,-1 and 1 . Similarly, the first 20 bits of resulting sequence C(n) obtained from periods of the Narayana series modulo prime based on evens and odds are 1,0,0,1,1,1,0,1,1,1,1,0,1,1,1,0,1,0,0 and 1.
We first consider prime moduli and determine periodic autocorrelation properties of B(n) and C(n) to determine how good they are from the point of view of randomness. For convenience, the zeroes in C(n) sequence is changed to -1 so as to make off-peak autocorrelation as small as possible. Randomness may be calculated using the randomness measure, R(x), of a discrete sequence x by the expression below [17] :
where ACF(k) is the autocorrelation function value for k and N is the period of sequence to characterize the randomness of a sequence.
According to above formula, the randomness measure of 1 indicates that the sequence is fully random whereas randomness measure of 0 indicates a constant sequence. The randomness measure for Figure 1 , Figure 2 , Figure 3 and Figure 4 are found to be 0.8867, 0.8662, 0.8937 and 0.9110 respectively.
Crosscorrelation properties
Cross orrelation is the measure of similarity between two different sequences. The cross correlation between two sequences is the complex inner product of the first sequence with a shifted version of the second sequence which indicates if the two sequences are distinct. Ideally, it is desirable to have sequences with zero crosscorrelation value at all time shifts [17] . The correlation properties of the sequences are used to detect and synchronize the communication.
Now, we consider prime moduli and determine periodic cross correlation properties of B(n) to determine how good they are from the point of view of randomness. The cross correlation function is calculated using the formula:
where Aj and Bj+k are the binary values of two sequences at different time intervals and N is the length of sequence or period of sequence. The peak cross correlation function value of a cross correlated sequence is calculated using the formula: 
Conclusion
We have shown that the periods of Narayana sequence modulo p, p being prime number, are either p 2 +p+1 (or a divisor) or p 2 -1 (or a divisor). Also, we performed autocorrelation and crosscorrelation functions on Narayana series modulo prime and showed that they have good randomness properties and so they might be used for cryptographic and key distribution applications.
